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The consecutive procedure for the calculation of a size dependence of an electron affinity to a large
dielectric cluster of radiusR is presented. The perturbation theory over the small parametersr̄ /R
and L/ r̄ (L is the scattering length in the condensed medium,r̄ is the interatomic distance! is
proposed for an electron binding energy in the frame of effective medium approach, using the theory
of state of light quantum particle in a cellular medium. Estimations are fulfilled for liquid xenon
clusters. ©1997 American Institute of Physics.@S0021-9606~97!51806-X#
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I. INTRODUCTION

The state of charged particle in rare-gas liquids and c
ters is the subject of many experimental and theoret
investigations.1–3 Large clusters of these liquids are able
bind excess electrons and positrons. Measurements poi
the existence of clusters consisting of some small ‘‘critica
numbers of atomsN* realized the first bound state of a
excess electron.4

An electron affinity~or binding energy! for small clus-
ters may be calculated numerically only~e.g., Refs. 5, 6!. In
the opposite case of large clusters the affinity is close to
affinity for the bulk medium with the first curvatur
corrections.7 An affinity for the sphere of radiusR and di-
electric constant« equals to the work needed to remove
unit charge from the center of sphere to infinity,

EA52V0~`!2
e2

2R

«21

«
2

\2p2

2mR2
~1!

whereV0(`) is the ground state energy of an excess elect
in the bulk dielectric. It is the conductivity band botto
which is disposed lower than the electron energy in
vacuum. The second term in Eq.~1! is the classical size
correction originating as the energy of the polarization int
action of electron withN atoms,7,8 R5N1/3r̄ , wherer̄ is the
mean interatomic distance. The third term is the kinetic
ergy of the electron. It is estimated for the smooth well w
the large dimensionless strength.

The potential well of clusters is not smooth, but
curved in a high relief. The relief has a spatial scale of
mean interatomic distance. The thing is that the poten
field, caused by atoms of the cluster, cannot be mode
satisfactory in the mean field approach. In the present pa
the electron kinetic energy is determined taking account
this relief. The perturbation theory is developed over sm
parameterL/ r̄ , whereL is the scattering length of particle i
the condensed medium.9,10 The results of calculations show
that these quantum mechanical effects prove to be very
2306 J. Chem. Phys. 106 (6), 8 February 1997 0021-9606/9
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portant and the first order perturbation correction to Eq.~1!
has a noticeable value. For Xe-clusters it consists of abou
per cent of the electron kinetic energy.

The proposed theory can be applied to liquid~and may
be solid! clusters made of a matter in the bulk of which a
excess electron can be considered as almost free. Suc
‘‘the high mobility liquids,’’ e.g., Refs. 9,13. Heavy nobl
liquids ~argon, crypton and xenon! belong to that class o
liquids. An injected electron acquires a mobility even e
ceeding a mobility in a rarified gas. The mean free parth
electron can exceed radius of a cluster, and electron is ra
rarely scattered inside it. Hence, the theory cannot be app
to clusters with localized electron, e.g., to clusters in po
liquids ~like water! where an electron induces the restructu
ing of environment.

II. EFFECTIVE MEDIUM APPROACH FOR ELECTRON
AFFINITY

The wave function of electron localized in a liquid clu
ter satisfies the Schro¨dinger equation,

2
\2

2m
DC~r !1(

i51

N

V~r2Ri !C~r !52EAC~r !, ~2!

whereV(r ) is the electron-atomic potential,N is the number
of atoms in cluster. In a liquid the potential field is chara
terized by the average translation symmetry. Let us repre
the cluster by an array ofN spherical Wigner–Seitz cells
The cell potential is symmetrical relative to each atom. In
liquid the potential may be expressed in the form of the s
of the electron interaction with the central atom of the c
Va(r ) and with the cell environment.13 We assume that the
short-range component of theVa(r ) has a range which is
much smaller than the size of the cell. The long-range co
ponentVa(r ) has the polarization character (2ae2/2r 4),
wherea is the atomic polarizability.

The polarization componentVp(r ) of the environment
potential may be defined in the usual way,
7/106(6)/2306/5/$10.00 © 1997 American Institute of Physics

¬to¬AIP¬license¬or¬copyright,¬see¬http://jcp.aip.org/jcp/copyright.jsp



-

la

te

he
io
t

r

su
l
c
n

te

con-
t of
ulk

ce

n

be

is

itz

ic

f
e

we

re

2307I. T. Iakubov and V. V. Pogosov: Electron affinity of dielectric clusters
Vp~r !52
1

2E dr 8P~r ,r 8!E0~r ,r 8!, ~3!

whereP~r ,r 8! is the dipole moment induced at the pointr 8
by an electron disposed atr , E0 is the electron field in the
vacuum. Using the definitionP5Em(«21)/4p, Eq. ~3! can
be reduced to the form,

Vp~r !5
12«

8p E dr 8EmE05
12«

8p E dr 8¹wm¹w0 , ~4!

wherew052e/ur2r 8u, wm(r ,r 8) is the electrostatic poten
tial of an excess electron in the dielectric sphere,11

wm5
2e

«ur2r 8u
1

2e

« (
k51

`
~«21!~k11!

k~«11!11

3~rr 8!kR22k21Pk~cosu!, ~5!

whereu is the angle between the vectorsr and r 8. The di-
electric constant is given by the Clausius–Mossotti formu
«5113a/( r̄ 32a), provided thata/ r̄ 3!1. Consider an
electron in the Wigner–Seitz cell positioned at the clus
center~Fig. 1!. Then r, r̄ and r̄,r 8,R. The environment
potential is created by the atoms outside the cell where t
are setted in accordance with the pair correlation funct
g(r ). To transform Vp(r ) @Eq. ~4!# we assume tha
g(r )5$0,r,s;1,r>s%, where s is the parameter of the
Lennard–Jones potential responsible for the interatomic
pulsion (s. r̄ ),

Vp~r !5
12«

8p F R
s

swm¹w0dS1 R
R
wm¹w0dS

2E dr 8wmDw0G . ~6!

The first and second integrals should be taken over the
faces of radiis andR respectively, and the third integra
should be taken over the volume between these surfa
With the use of the multipole expansio
ur2r 8u215(k50

` r kr 82k21Pk(cosu) and the orthogonality
rule of the Legendre polynomials, the straightforward in
gration leads to the explicit result,

FIG. 1. An electron in the central Wigner–Seitz cell of the dielectric sphe
J. Chem. Phys., Vol. 106,
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Vp~r ,R!5Vp~0,̀ !F12
s

R
1 (

k51

`
k11

2k11 S rs D 2k
2

2«14

3~«12!

s

R S rRD 2kG , ~7!

whereVp(0,̀ )523ae2f /(2r̄ 3s), and f5(112a/ r̄ 3)21

is the Lorenz–Lorentz factor of the local field.12 In the limit
R⇒` the expression~7! takes the correct form.9 One can see
that the curvature corrections decrease the polarization
tribution to the electron ground state energy. It is a resul
the deficiency of neighbors in the comparison with the b
liquid. Let conveniently representVp(r ,R)5U0(R)
1 U env(r ,R), whereU0(R)5Vp(0,̀ )(1 2s/R) in accor-
dance with Eq.~7!. By this we extract the spatial dependen
of the potential profile. Then the Eq.~2! may be rewritten in
the form,

2
\2

2m
DC~r !1(

i51

N

@Va~r2Ri !1U env~r2Ri !#C~r !

52~EA1U0~R!!C~r !. ~8!

The termU0(R) is the shift of the energy due to the mea
polarization of the medium.

The electron wave function of the ground state can
written in the form,

C~r !5cc~r !u~r !, ~9!

where the functioncc(r ), varying on the cluster size scale,
modulated on the atomic scale by the functionu(r ). The
functionu(r ) is the superposition of the usual Wigner–Se
solutionsu0(ur2Ri u) inside cells, centered atRi .

For the cell centered atRi50 ~at the center of cluster!

2
\2

2m
Du0~r !1@Va~r !1U env~r !#u0~r !5T0~R!u0~r !

~10!

with the boundary conditions

¹u0~r !u r̄ 50,u0~r !uL~R!50, ~11!

whereT0(R) is the cellular energy eigenvalue,L(R) is the
electron scattering length in the liquid cluster of radiusR. It
appears thatL(R)5L(`)1O(1/R3), where L(`) is the
scattering length in the bulk.9 For the validity of our theory it
should be small in comparison with the mean interatom
distance,L/ r̄,,1. The wave functionu0(r ) has the follow-
ing form,

u0~r !5
A

A4p

sin$q0@r2L~R!#%

q0r
. ~12!

The wave vectorq0 is given by the well known equation13

tan$q0@ r̄2L(R)#%5q0r̄ . The size dependence o
T0(R)5\2q0

2(R)/2m is formed by the dependenc
L(R),T0(R)5T0(`)1O(1/R3). Below we shall neglect this
weak size dependence. In order to simplify the analysis
introduce the Fermi optical approximation,

q0
2/253L/2r̄ 3, ~13!

.
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2308 I. T. Iakubov and V. V. Pogosov: Electron affinity of dielectric clusters
which contains the independent small parame
j5L/ r̄ ,L[L(`).

Substitution of Eq.~9! into Eq. ~8!, with the use of Eq.
~10!, yields the wave equation forcc(r ),

2
\2

2m
Dcc~r !2

\

m(
i51

N
¹u0~ ur2Ri u!
u0~ ur2Ri u!

¹cc~r !

52~EA1V0~R!!cc~r !, ~14!

whereV0(R)5U0(R)1T0(R). In the limit R⇒` it coin-
cides with the conductivity band bottom for electrons
jected into the infinite dielectric,

V0~R!5V0~`!1
3

2

ae2

r̄ 3R
f1OS r̄ 3

R3 D ~15!

whereV0(`)523ae2f /(2r̄ 3s)13\2L/(2mr̄ 3). The re-
maining terms are negligible. In the frame of classical el
trodynamics,EA52V0(R) @see Eq.~1!#. Further we de-
scribe how quantum effects modify this expression.

The l.h.s. of Eq.~14! contains a cross-term. It can b
treated as a perturbation. Earlier, analogous procedures
carried out in infinite metals for calculations of ground en
gies and effective masses of electrons by Bardeen,14 Cohen
and Ham,15 and for positrons by Kubica and Stott.16 In Refs.
14 and 15 the set of cellular wave functions was used,
cc(r ) was chosen as the plane wave. In Ref. 16 the func
cc(r ) was expanded in the set of plane waves in a crys
However, we are interested in the finite system where
boundary condition forcc(r ) leads to the discrete energ
spectrum of an excess electron.

III. PERTURBATION PROCEDURE

If the kinetic energy is much smaller thanuV0(R)u, that
is mR2uV0(R)u/\2@1, the cluster potential can be modele
by the infinitely deep square well. Therefore the wave fu
tion should be small on the surface of the cluster. The bou
ary condition for Eq.~14! takes the form,

cc~r5R!50. ~16!

The solution can be obtained, by expanding the funct
cc(r ) in terms of the complete orthonormal set of eigenfun
tions of the deep potential well. In this case, the elect
affinity can be written as the series, truncated in the sec
order,

EA52V0~R!2S \2p2

2mR2
1E~1!1E~2!D . ~17!

As the perturbation, the operatordV(r ) is used,

dV~r !52
\2

m(
i51

N
¹u0
u0

¹. ~18!

The diagonal matrix element of the perturbation,

E~1![^dV~r !&5E
r,R

drc1~r !dV~r !c1~r !, ~19!
J. Chem. Phys., Vol. 106,
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is the potential fielddV(r ), averaged over the ground sta
with the quantum numbersn51 andl 50,

c1~r !5
1

A4p
A2

R

sin~pr /R!

r
. ~20!

The straightforward estimation forE(1) gives the following
result:

^dV~r !&5 K S r̄ ¹u0
u0

D ~Rc1¹c1!L \2

mr̄ 2
r̄

R
>

\2

mr̄ 2

r̄

R
,

~21!

where^ . . . & denotes the integration over the cluster volum
It seems as ifE(1) is proportional to 1/(r̄ R). In this case the
hierarchy of terms in our expansion~17! would be broken,
because the previous term is proportional to 1/R2. However,
below we shall demonstrate the emergence of an extra fa
to E(1) which is proportional to (r̄ /R)j. It is a result of the
integration in Eq.~19! over angles.

The perturbationdV(r ) has the cell’s scale of variation
We shall integrate in Eq.~19! over the volume ofi th cell.
Using the spatial integration by parts one can write

E~1!52
\2

2m (
i51

N E
L,ur2Ri u, r̄

dr¹ ln@u0~ ur2Ri u!#¹c1
2~r !

52
\2

2m (
i51

N F ~ ln u0!U
r̄
R
i
dS¹c1

22E
i
dr ~ ln u0!Dc1

2G .
~22!

Introduce the gradient expansion of the squared wave fu
tion c2(r ) near the pointRi ,

c2~r !5c2~Ri !1¹c2uRi~r2Ri !

1
1

2
Dc2uRi~r

222rR i1Ri
2!1••• . ~23!

Using Eq.~23! and expansions of derivatives over the sm
parameterr̄ /Ri we have

¹c2~r ! 5

Ri@ r̄S dc2~Ri !

dRi
1
d2c2~Ri !

d2Ri

r̄

Ri
D rr

5
dc2~Ri !

dRi
F11OS r̄ 2Ri

2D G rr , ~24!

Dc2~r !5Dc2~r !uRi. ~25!

In Eq. ~22! we can take the derivatives overr at the centers
of cellsRi , then

E~1!52
\2

2m (
i51

N Fdc1

dRi
~ ln u0!U

r̄
R
i

r

r
dS

2Dc1
2~r !U

Ri
E
i
dr ln u0G , ~26!

where
No. 6, 8 February 1997
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~ ln u0!u r̄ 52
3

2
~j2j2!1O~j3!. ~27!

The terms under the sum in Eq.~26! have the opposite signs
The integral over the surface ofi th cell is evaluated

exactly ~see Fig. 2!,

R i

r

r
dS52p r̄ 2E

0

p

du cos~u12u!sin u1

54p r̄ 2H S 12
1

3

Ri

r̄
D for r, r̄ ;

2

3

r̄

Ri
for r> r̄ J . ~28!

Hence, the integration over angles gives the additional po
of r̄ /Ri . Further, taking account for the factor 1/Ri from Eq.
~28!, we change in Eq.~26! summation to integration an
obtain the following result,

(
i51

N
dc1

dRi

1

Ri
5

3

4p r̄ 3E0
R

dr4pr 2
1

r

dc1

dr
52

3

r̄ 3R2
C0 ,

~29!

whereC050.709. Further, after the change of the summ
tion over cell numbers to the integration over the clus
volume it is possible to reduce the second term in Eq.~26! to
a surface integral. The integral vanishes due to the boun
condition ~16!. Finally, using Eqs.~26!–~29!, we have for
E(1),

E~1!52
\2p2

2mR2
@~j2j2!C11O~j3!#1OS r̄ 3

R3 D , ~30!

whereC1512C0 /p. It is worth noting, that the exclude
volumes inside the cells contribute to neglected ter
(;j3).

In the second order of the perturbation theory

E~2!5(
n,l

^n,l udVu1,0&^1,0udVun,l &
E1,02En,l

. ~31!

FIG. 2. The scheme for calculation of the integral over surface ofi th cell.
J. Chem. Phys., Vol. 106,
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Integrations over angles in the nondiagonal matrix eleme
select states with the orbital quantum numberl 50,En,o

5 \2p2n2/(2mR2). The series~31! is a rapidly convergent.
Therefore we account for the terms withn<4. The result is

E~2!5
\2p2

2mR2
@j2C21O~j3!#1OS r̄ 3

R3 D , ~32!

whereC250.093(8/p)2. Assembling Eqs.~13!, ~17!, ~30!,
and~32! we obtain the desired expression for electron affi
ity,

EA5
3

2

ae2

r̄ 3s
f S 12

s

RD2
3

2

\2

mr̄ 2
j2

\2p2

2mR2
@12C1j

1C3j
21O~j3!#1OS r̄ 3

R3 D , ~33!

whereC35C11C2 .

IV. DISCUSSION

The obtained expression forEA refines the formula for
the binding energy of charged quantum particles~electron or
positron! in a finite system. We can consider now the hie
archy of unequalities as criterions for the validity of our r
sults. The estimations are carried out for xenon at the part
densityr51.4131022 cm23. The input data are:a527a0

3 ,
s57.6a0 , r̄54.855a0 ; the electronic scattering lengt
L50.7a0 ,a0 is the Bohr radius.

~1! First of all, the medium must provide the well for a
electron, that is V0(`),0 in the limit of
R5 r̄ N1/3⇒`. The condition corresponds to the follow
ing unequality,

a/~a0sL !.1.

The calculated value ofV0(`)520.61 eV is in a satisfac-
tory agreement with the measured valueV0(`)
52 0.7160.05 eV.17

The first curvature correction to the polarization sh
U0(`) must be small,R@s.

The next unequality, uT0u53\2uLu/(2mr̄ 3)
@ \2p2/2mR2, results inN@(p2r̄ /3uLu)3/2. For the xenon
cluster it means that

N@109.

Thermal excitation should be sufficiently small com
pared with the spacing between the electron energy leve
the cluster,kT!E2,02E1,053\2p2/2mR2. If T5300 K,

N!3.3•104.

On the other hand, we neglect the terms of the orde
( r̄ /R)3 in Eq. ~33!. Therefore, the additional condition take
place,

j. r̄ /R.

We havej 5 0.144, that leads toN.300.
Finally, the range of applicability of our results fo

T5300 K is
No. 6, 8 February 1997
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300,N!3.33104.

For these clusters the first new termE(1) modifies the kinetic
energy in the well by 40%. There are three additional qu
tions one can ask concerning the validity of present calc
tions.

~i! Is it reasonable to treat the equivalence of all t
cells?

~ii ! Does the approximate boundary condition~16! influ-
ence the final result of our perturbation theory?

~iii ! Is it necessary to take into account the effect o
self-compression of cluster under the surfa
tension?18,19

The calculations were done as if cluster cells are equ
lent one to others, i.e., the surface effects are small. In r
ity, near the cluster surface cells are partially ‘‘destroyed
Let us estimate the contribution of surface layer of thickn
x to E(1). It is given by the integration in Eq.~29! between
(R2x) and R. The result is proportionalx/( r̄ R)3 and small
sincex; r̄ .

The usage of the boundary condition~16! eliminates the
second term in Eq.~26!. An explicit check of the supposition
can be made by a straightforward calculation. The calcu
tions were fulfilled for an electron in the spherically symm
ric potential well of radiusR andV0(R) in depth. The eigen-
value problem was solved numerically for the wide range
N, using the exact boundary condition,c1(`)50. The re-
sults indicate the nice applicability of our formula forEA
~33! in the rangeN>1032104. However, ifN>100 both
terms in Eq.~26! become equal.

In conclusion, we discuss the possibility of a deform
tion of clusters. There are two opposite processes: the pr
ing under surface stress and the strain induced by an ex
electron. The electron free path in rare-gas liquids is v
large, therefore electron is nearly free in a cluster contain
thousand atoms. It allows us to estimate an electron pres
asp\2/(4mR5). If the electron pressure term is not ignore
one can obtain from the equilibrium condition
J. Chem. Phys., Vol. 106,
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2g/R2\2p/~4mR5!2B ln~V0 /V!50

the simple relation which describes the deformation. H
g is the surface tension,B is the bulk modulus,V0 andV are
the cluster volumes in the nondeformed and deformed sta
R05 r̄ N1/3, andR5( r̄1D r̄ )N1/3, whereD r̄ is the change in
the interatomic spacing. The simple analysis points to
compression of liquid xenon cluster withN.20 and to the
strain if N,20. However, these numbers of atoms are l
beyond our approach. The quantitative estimation of an
fluence of the deformation on the electron affinity of sm
clusters requires a self-consistent consideration.
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