
ARTICLE IN PRESS

1

3

5

7

9

11

13

15

17

19

21

23

25

27

29

31

33

35

37

39

41

43

45

47

3B2v7:51c
GML4:3:1 VAC : 3045 Prod:Type:COM

pp:125ðcol:fig::NILÞ
ED:SathyaC:

PAGN: NS SCAN: Mangala
Vacuum ] (]]]]) ]]]–]]]
*Correspondin

E-mail addre

0042-207X/$ - see

doi:10.1016/j.vac
F
Analytical model for the Fermi energy and the work function

of thin metallic films

V.P. Kurbatsky*, V.V. Pogosov

Department of Microelectronics, Zaporozhye National Technical University, Zhukovski Street 64, Zaporozhye 69063, Ukraine

Accepted 22 December 2003
 O
D P
ROAbstract

An analytical theory of size-dependent energetic characteristics of a metal film is developed in a free-electron model

and a finite square potential well. A regular expansion of energetic characteristics in terms of 1=L is performed. The

errors occurring at each step of the expansion are analyzed. This simple model allows to calculate size oscillations of the

Fermi energy and the work function.
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1. Introduction

Different ways of an analytical approach to the
problem of the density of states and the Fermi
energy in a free electron model for metal films were
suggested in [1,2]. Used the Euler–McLaurin
summation formula allowed analytical calcula-
tions only on an assumption of an infinitely high
surface barrier. On such a basis, a possibility of a
contact potential difference quantization was
pointed to for a metal slab [3] and an explanation
of tensile force jumps in a metal contact was given
[4] that were observed in experiments [5]. But
calculation of the electron work function is out of
the limits of this simplest model.
g author.
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Detailed computations performed to date do
not yield an unequivocal conclusion about size
dependence of the work function of isolated films
and wires and in addition, oscillations that
occurred in the work function very large compared
with the results of experiments [6].

In this paper, an analytical theory of size-
dependent energetic characteristics of a metal slab
is developed in the framework of an elementary
one-particle concept without using the Euler–
McLaurin formula. The simple model allows to
calculate exactly size oscillations of the Fermi
energy and the work function.
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2. Statement of the problem

A thin slab is studied whose thickness Lz is of
the order of the Fermi wavelength l0F and much
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less than the other side dimensions, LxbLz;
LybLz; so the discreteness of the electron mo-
mentum fpx; pyg spectrum does not have any
observable consequence. For typical metallic
electron densities, l0F is about 0:5 nm:

The electron potential energy inside the slab (or
the film) can be assumed, in first approximation, as
a rectangle potential box with side lengths Lx; Ly;
Lz and of constant depth U0: Solving the Schr-
.odinger equation for such a potential, one can
obtain a set of the electron wavenumbers, kxj ¼
2pj=Lx; kys ¼ 2ps=Ly; where j; s ¼ 0;71;72;73;
and kzi; i ¼ 1; 2; 3; are roots of equation

kziLz ¼ �2 arcsinðkzi=k0Þ þ pi; ð1Þ

where _k0 ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
2mU0

p
; m is mass of an electron.

The energy eigenvalues of an electron are given by

Eijs ¼
_2

2m
ðk2xj þ k2ys þ k2ziÞ:

It is advantageous to use dimensionless values
by introducing U0 as an energy scale and applying
a length scale proportional to k�1

0 ; such as

xi ¼ kzi=k0; xxj ¼ kxj=k0; xys ¼ kys=k0;

l ¼ k0Lz=p; lx ¼ k0Lx=2p; ly ¼ k0Ly=2p:

With this scale, energy can be interpreted as square
of radius vector of a state in x-space, x2ijs ¼ x2xj þ
x2ys þ x2i ; where xijsp1: Eq. (1) adopt the new look

lxi ¼ �
2

p
arcsin xi þ i: ð2Þ

3. Basic relations

Occupation of states in x-space by electrons
starts from the point f0; 0; x1g and occurs in order
of increasing radius vector, i.e., with rising of
energy of states. As a result, all occupied states are
contained within the space area bounded by the
plane xz ¼ x1 and by the hemisphere of radius
xF ¼

ffiffiffiffiffi
eF

p
; where eF � EF=U0 is the Fermi energy

equal to the maximum energy of occupied states.
They are distributed with density s ¼ 2lxly on
circles formed by crossing the Fermi hemisphere
and planes xz ¼ xi; i ¼ 1; 2;y; iF :
TED P
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The number of occupied states, coinciding with
the number of free electrons in the film, is given by

N ¼ s
XiF
i¼1

Si ¼ 2lxly
XiF
i¼1

pðx2F � x2i Þ; ð3Þ

where summation is overoccupied circles with
areas Si ¼ pðx2F � x2i Þ and iF is their number. After
simple transformations of Eq. (3), we obtain the
formula for the Fermi energy

eF ¼
1

iF

nl
2p

þ
XiF
i¼1

x2i

 !
; ð4Þ

where n � N=ðlxlylÞ is the number of occupied
states per unit volume.

Using Eq. (2) we obtain an integer rising
function ieðeÞ replacing xi by

ffiffi
e

p
and letting e take

any value from 0 to 1

ie ¼ l
ffiffi
e

p
þ

2

p
arcsin

ffiffi
e

p� �
: ð5Þ

Here square brackets indicate an integer part. At
the points e ¼ x2i ; the magnitude of the function
increases by 1 but the function is constant in
intervals between these points. Substituting e ¼ eF
into Eq. (5) we find the number of occupied levels
in the potential well

iF ¼ l
ffiffiffiffiffi
eF

p
þ

2

p
arcsin

ffiffiffiffiffi
eF

p� �
: ð6Þ

The average electron number density %n of the
sample henceforth is assumed to be independent of
dimensions, and

%n ¼
k30
4p3

n: ð7Þ

When the depth of the well is fixed, it means that
n ¼ const:

Referring to Eq. (2) it can be easily seen that its
roots are determined exclusively by the well width
l: Therefore dependence on well depth in relations
(4) and (6) is reflected only by the n value. Thus,
this one parameter displays both an electron
number density and a well depth. Size dependence
of the Fermi energy eF ðlÞ may be found by way of
cooperative solution of Eqs. (4) and (6) under
additional condition n ¼ const:
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4. The size dependence of the work function

As it has already been mentioned the minimum
value of Lz corresponds to the thickness equal to
the one atom diameter. To estimate minimum
value of l we use l ¼ Lz

ffiffiffiffiffiffiffiffiffiffiffiffi
2mU0

p
=ðp_Þ; where Lz ¼

0:5 nm (it means a single layer of atoms), and

U0 ¼ E0
F þW0; E0

F ¼
_2

2m
ð3p2 %nÞ2=3 ð8Þ

with U0 equal to 3.50 and 15:94 eV for Cs and Al,
respectively. W0 is the work function for a semi-
indefinite metal. As a result, we have
1:6olmino3:5: We assume henceforth the value
1=l to be small and apply an expansion in terms of
1=l for calculating the Fermi energy.

We write below a for 1=l: Dependence xiðaÞ is
defined implicitly by Eq. (2)

xi
a
¼ �

2

p
arcsin xi þ i: ð9Þ

We determine xi ¼ xiðaÞ in the form of an
expansion in terms of a and obtain

xi ¼ ia�
2i

p
a2 þ

4i

p2
a3 þOða4Þ: ð10Þ

As it follows from Eq. (6), iF ¼ Oða�1Þ: The
third term on the right-hand side of Eq. (10) does
not exceed 4iFa3=p2: The error of the approximate
expression (10) is, if anything, by an order of
magnitude smaller, i.e., it is of the order more or
equal to a3 for any number i: The error of x2i is of
the same order. After substituting (10) into Eq. (4)
one can find that the error of the sum

PiF
i¼1x

2
i has

the order of smallness iFa3; and the error of all the
formula (4) for the Fermi energy is of the order of
a3:

Substituting (10) into Eq. (4) and omitting terms
of the order more than second we obtain

eF ¼
n
2p

1

iFa
þ

i2F
3
þ

iF

2
þ

1

6

� �
a2 �

4i2F
3p

þ
2iF

p

� �
a3

þ
4i2F
p2

a4 þOða3Þ: ð11Þ

All the range of a is broken down into intervals
ðaiþ1; aiÞ; i ¼ 2; 3;y; which corresponds to the
number of occupied levels iF ¼ i: Here ai � 1=li:
Values of a satisfying condition a > 0:3 are not
physically reasonable (they correspond to values
TED P
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lolmin). Below we determine bounds of the
intervals.

Substituting expressions (10) and (11) at iF ¼ i

into equality eF ¼ x2iþ1 we obtain the equation for
aiþ1

8i3

3p
a4iþ1 �

2i3

3
þ

3i2

2

� �
a3iþ1 þ

n
2p

¼ 0: ð12Þ

According to Descartes’ sign rule, Eq. (12) has two
real-valued positive roots. One of them is approxi-
mately equal to

ffiffiffiffiffi
e0F

q
=i; and the other is of a higher

order of smallness. The left bound of the interval
ðaiþ1; aiÞ is determined by the first

aiþ1 ¼
1

i

ffiffiffiffiffi
e0F

q
þ

1

2i2

ffiffiffiffiffi
e0F

q
4

p

ffiffiffiffiffi
e0F

q
� 1

� �
: ð13Þ

The right bound of the interval can be found by
replacing i-i þ 1 in Eq. (13). This gives

ai ¼
1

i

ffiffiffiffiffi
e0F

q
þ

1

2i2

ffiffiffiffiffi
e0F

q
4

p

ffiffiffiffiffi
e0F

q
þ 1

� �
: ð14Þ

It is seen that the width of the interval reduces with
increasing i as 1=i2: ai � aiþ1 ¼

ffiffiffiffiffi
e0F

q
=i2:

The size dependence eF ðlÞ is represented within
each interval ðli; liþ1Þ by a concave curve. At the
bounds of the interval the derivative deF=dl
changes by a jump whose value is equal to
�2e0 3=2

F =i2 at l ¼ li: To the left from this point
the function eF ðlÞ rises, and to the right it
diminishes. The jump of the derivative is expressed
in a figure by cusps, or oscillations, with amplitude
that gradually decreases.

To complete our investigation of eF ðlÞ we obtain
an asymptotic form of this dependence at l-N:
For large l Eq. (6) can be rewritten as

iF ¼

ffiffiffiffiffi
e0F

q
a

þOða0Þ: ð15Þ

Substituting (15) into (11) and returning to usual
units, we find in the limit of large Lz:

EF ¼ E0
F þ

p_
2

ffiffiffiffiffiffiffi
E0
F

2m

s
1�

8

3p

ffiffiffiffiffiffi
E0
F

U0

s0
@

1
A 1

Lz

: ð16Þ

The expression in the brackets is positive, i.e., EF >
E0
F :
The size-dependent electron work function is

determined by
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W ðLzÞ ¼ U0 � EF ðLzÞ: ð17Þ

That is, W is an energetic distance from the upper
occupied level of quasi-continuous spectrum to the
vacuum electron level. It can be seen in Eq. (16)
that WoW0:
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5. Results of calculations

The calculations are carried out for slabs of Al
and Na with the electron number density %n ¼
3=4pr3s ; corresponding to rs ¼ 2:07a0 and 3:99a0;
and with the work function W0 ¼ 4:25 and 2:7 eV;
respectively.

The results of the calculations of the electron
work function for isolated slabs of varied thickness
are presented in Fig. 1. Over all the range of
thickness, inequality WoW0 is satisfied. The
UNCORREC
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Fig. 1. The size dependence of the work function for metallic

slabs.
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presented dependence W ðLzÞ is in qualitative
agreement with the experiment [6], with results of
self-consistent calculations by the Kohn–Sham
method for cylindrical nanowires of infinite length
[9,11], and for slabs [10], but not with the results of
calculations [7,8]. The amplitude of the largest
oscillations is about 0.1–0:2 eV; and this is more
reasonable than values from the papers mentioned
above, because oscillations, observed in experi-
ments, are small.

Comparing size dependencies W ðLzÞ for Al and
Na, it is seen that all the distinctions can be
explained by different values of rs: For Al, the
value of oscillations of the work function 1�
W=W0 is more, the period of oscillations DL is less
than for Na, and the position of the cusps is
shifted to the left. The approximate relations
following from Eqs. (13)–(16), 1�
W=W0B1=rsL; DLBrs; LiBirs; describe well
these features.

Finally, we can note that the choice of the
simplified form of the potential well and a non-
self-consistent approach are disadvantages of this
model. It is not able to describe the surface energy.
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